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ABSTRACT 
The c l a s s i c a l  t h e o r y  f o r  Benard Convection of a v i s c o u s ,  
i n c o m p r e s s i b l e  f l u i d  l a y e r  conf ined  between h o r i z o n t a l  s u r f a c e s  
i s  g e n e r a l i z e d  t o  semi-bounded and unbounded f l u i d s .  Two 
and t h r e e - l a y e r  models a r e  s o l v e d  numer ica l ly  t o  g i v e  curves  
o f  n e u t r a l  s t a b i l i t y  i n  t h e  Rayleigh number wavenumber p l a n e ,  
For each model a fami ly  of n e u t r a l  curves  i s  g i v e n  which i s  
paramete r ized  by t h e  s t a t i c  s t a b i l i t y  of a d j a c e n t  l a y e r s  o f  
f l u i d .  The r e s u l t s  demons t ra te  a  d e s t a b i l i z a t i o n  of t h e  
c l a s s i c a l  problem which is  most pronounced a t  s m a l l  wave- 
numbers when t h e  s t a t i c  s t a b i l i t y  o f  a d j a c e n t  l a y e r s  i s  n e u t r a l ,  
1, INTRODUCTION 
It has been almost a  century s i n c e  Count Rumford discovered the phenarnenor: 
of thermal  convection. Numerous r e sea rche r s  have s i n c e  con t r ibu ted  to our 
p r e s e n t  understanding of t h e  s u b j e c t .  The c l a s s i c a l  l a b o r a t o r y  experirnel~ts 
were performed by Benard and t h e  c l a s s i ca l .  theory  i s  due t o  Lord RayLeigh, 
Thermal convect ion has long been recognized a s  having an important  dynanic  
i n f l u e n c e  i n  t h e  atmosphere. I n  t h i s  connect ion S a t e l l i t e  photography has pro- 
vided us w i t h  evidence of thermally generated cells1''. More r e c e n t l y  s e n s l l t i i  
r a d a r  h a s  been used a s  a  probe t o  r e v e a l  p a t t e r n s  of c e l l u l a r  motion i n  clear 
3 
a i r  . 
The s t a b i l i t y  theory f o r  p a r a l l e l  shea r  flow has had a  r a t h e r  long and 
c o n t r o v e r s i a l  h i s t o r y .  Only r e c e n t l y  have some of t h e  fundamental difficulties 
been reso lved ,  I n s t e a d  of t h e  c e l l u l a r  motions of thermal  convect ion the most 
uns t ab le  d i s tu rbances  t o  p a r a l l e l  shea r  flow a r e  two dimensional ,  $&en thermal 
i n s t a b i l i t y  occurs  i n  t h e  presence of a  " s u b c r i t i c a l "  p a r a l l e l  s h e a r  flow an 
i n t e r a c t i o n  of mechanisms r e s u l t s  i n  t h e  gene ra t ion  of l o n g i t u d i n a l  rolls w i t k  
axes o r i e n t e d  i n  t h e  d i r e c t i o n  of flow. 
I n  t h e i r  s tudy  of t h e  s t a b i l i t y  of  p l ane  P o i s e u i l l e  flow of a thermally 
s t r a t i f i e d  f l u i d ,  Gage and ~ e i d ~  show t h a t  t h e  s t a b i l i t y  boundary i n  the R, Rc- 
plane  recovers  t h e  c l a s s i c a l  r e s u l t s  f o r  Benard convect ion wi th  rigid-rigid 
boundaries  a s  Re + O and t h e  b a s i c  flow i s  removed from t h e  problem, The reasc 
t h a t  t h i s  c l a s s i c a l  r e s u l t  should be recovered i s  p e r f e c t l y  c l e a r  since the 
boundary condi t ions  employed i n  t h e  c h a r a c t e r i s t i c  va l ae  problem f o r  t h e  sub? S 
of t h e  s t r a t i f i e d  channel  flow were c o n s i s t e n t  w i t h  t h e  r i g i d - r i g i d  boundary 
condi t ions  of t h e  c l a s s i c a l  t h e ' m a l  problem. 
I f  one c o n s i d e r s ,  a l t e r n a t i v e l y ,  t h e  s t a b i l i t y  o f  a  t h e r m a l l y  s f r a e i f i e d  
boundary l a y e r  p r o f i l e  i t  i s  n o t  c l e a r  whe ther  any c l a s s i c a l l y  known result 
w i l l  b e  recovered  by t h e  s t a b i l i t y  boundary i n  t h e  R - Re p l a n e  a s  R e  -+ 0, 
I n  f a c t ,  when we r e c a l l  t h a t  t h e  upper  "boundary c o n d i t i o n "  in t h e  s t a b L l l t y  
t h e o r y  f o r  p a r a l l e l  s h e a r  f lows of t h e  boundary- layer  t y p e  i s  r e a l l y  a b o ~ a d e d -  
n e s s  c o n d i t i o n ,  we n o t i c e  a b a s i c  i n c o n s i s t e n c y  between t h e  f o r m u l a t i o n  o f  the 
c h a r a c t e r i s t i c  v a l u e  problem f o r  s h e a r  f low i n s t a b i l i t y  and t h e  classical for- 
m u l a t i o n  o f  t h e  c h a r a c t e r i s t i c  v a l u e  problem f o r  t h e r m a l  i n s t a b i l i t y ,  This 
o b s e r v a t i o n  m o t i v a t e s  t h e  reexamina t ion  o f  t h e r m a l  c o n v e c t i o n  theory with the  
g o a l  o f  deve lop ing  a more g e n e r a l  t h e o r y  f o r  semibounded and unbounded m o d e l s ,  
I n  o r d e r  t o  accomplish  t h i s  o b j e c t i v e  we s h a l l  r e p l a c e  some of  t h e  classical 
boundary c o n d i t i o n s  w i t h  matching c o n d i t i o n s  and t h e  boundedness c o n d i - t i e n s ,  
I t  i s  a n t i c i p a t e d  t h a t  t h e  r e s u l t s  o f  t h i s  s t u d y  w i l l  p r o v i d e  t h e  proper lim~ts 
f o r  f u r t h e r  s t u d i e s  on  t h e r m a l l y  s t r a t i f i e d  boundary l a y e r  and unbounded fEa;.;s, 
2, THE MATHE;i'.liATICAL MODELS 
The mathemat ica l  f o r m u l a t i o n  used i n  t h e  models d e s c r i b e d  below i s  s imilar  
t o  t h a t  used by c u k r i e 5  t o  s t u d y  t h e  e f f e c t  o f  t h e  h e a t i n g  r a t e  on thermal 
i n s t a b i l i t y ,  The n o v e l t y  h e r e  is  t o  a l l o w  t h e  f l u i d  t o  errtend t o  inEin1.t-ly re- 
p l a c i n g  c l a s s i c a l  boundary c o n d i t i o n s  by matching c o n d i t i o n s  a t  a n  i n t e r  Eace 
and boundedness c o n d i t i o n s  a t  i n f i n i t y .  
The Two-Layer Model 
Cons ider  a s t a t i c a l l y  u n s t a b l e  l a y e r  of v i s c o u s ,  hea t -conduc t ing ,  i - ~ c o n p r e :  
i b l e  f l u i d  bounded below by a f r e e  o r  r i g i d  h o r i z o n t a l  s u r f a c e  and above by a n  
i n f i n i t e l y  deep l a y e r  o f  t h e  same f  l u f d ,  The v e r t i c a l  t e m p e r a t u r e  g r a d i e n t  k i l .  
b e  s p e c i f i e d  t o  b e  c o n s t a n t  i n  each l a y e r  and a l l  p r o p e r t i e s  o f  t he  f i d d  w i l l  " 
assumed h o r i z o n t a l l y  uniform;  
d i r e c t i o n s .  Our g o a l  w i l l  be  t o  d e t e n ~ i i n e  t h e  c u r v e  o i  n e u t r a l  s t a b r i ; r i  arid 
t o  s e e  how i t  depends on t h e  s t a t i c  s t a b i l i t y  \ of t h e  upper l a y e r .  
The e i g e n f u ~ l c t i o n s  W R (Z)  s a t i s i y  t h e  u s u a l  s i x t h - o r d e r  e q u a t i o ?  
i n  each  l a y e r .  I n  e q u a t i o n  (2.1) We i s  t h e  v e r t i c a l  p e r t u r b a t i o n  v e l o c i t y ,  i \ 
I 
i s  t h e  h o r i z o n t a l  wavenumber, D i s  t h e  d e r i v a t i v e  w i t h  r e s p e c t  t o  the  uc; Zical  1 \ 
c o o r d i n a t e  and R i s  t h e  Ray le igh  number d e f i n e d  by R 
RR = - & Y  
where - i s  t h e  t e m p e r a t u r e  g r a d i e n t  o f  each  l a y e r  and H i s  the depth of  
t h e  s t a t i c a l l y  u n s t a b l e  l a y e r ,  For  t h e  two l a y e r  models ,  t h e n ,  there a r e  t w o  1 
1% 
Ray le igh  numbers o f  i n t e r e s t :  t h e  p o s i t i v e  Rayleigh number, R, of t h e  ~ t a i i c a l i g  
u n s t a b l e  l a y e r  and t h e  n e g a t i v e  R a y l e i g l ~  number $ of t h e   infinite;^ deep s Y 
s t a b l e  l a y e r  o f  f l u i d .  
When R, > 0 t h e  s o l u t i o n s  t o  e q u a t i o n s  (2.1) can b e  w r i t t e n  
6 ( i I z  1 w = r c j i )  exp i re c 2 , 2 )  
i=l 
where r ( i '  are t h e  r o o t s  o f  R 
We o b t a i n  t h e  c h a r a c t e r i s t i c  d e t e r m i n a n t  f o r  t h e  two l a y e r  model  3y 
r e q u i r i n g  s i m u l t a n e o u s  s a t i s f a c t i o n  of t h e  lower boundary c o n d i t i o n s ,  t h e  
matching c o n d i t i o n s  a t  t h e  i n t e r f a c e ,  and t h e  boundedness c o n d i t i o n  a t  
i n f i n i t y ,  The lower  boundary c o n d i t i o n s  a r e  
2 W = DW (I)'-a2)' W=O and W = D W = ( ~ ' - a ~ ) ~  W=O 
f o r  r i g i d  and f r e e  boundar ies  r e s p e c t i v e l y .  The boundedness c o n d i t i o n  a t  
i n f i n i t y  r e q u i r e s  t h a t  we r e j e c t  t h e  e x p o n e n t i a l l y  l a r g e  e i g e n s o l u t i o r i s  Fn 
t h e  upper  l a y e r ,  I f  we d e n o t e  t h e  e i g e n s o l u t i o n s  W U 9  W L J  i n  t h e  upper a n d  
lower  l a y e r s  t h e n  t h e  matching c o n d i t i o n s  a r e  
where n  r e p r e s e n t s  t h e  o r d e r  of t h e  d e r i v a t i v e ,  The p h y s i c a l  cond i t t ons  
c o n s i s t e n t  w i t h  t h e  matching of t h e  e i g e n f u n c t i o n  and i t s  f i r s t  f i v e  der"L~at>-ve: 
are t h e  r e q u i r e m e n t s  of c o n t i n u i t y  of t h e  v e r t i c a l  p e r t u r b a t i o n  v e l o c i t y ,  
h o r i z o n t a l  p e r t u r b a t i o n  v e l o c i t i e s ,  stress, p r e s s u r e ,  p e r t u r b a t i o n  temperature 
and v e r t i c a l  d e r i v a t i v e  o f  p e r t u r b a t i o n  t empera tu re ,  
The i n f i n i t e l y  deep upper  l a y e r  can a l s o  b e  c o n s i d e r e d  n e u t r a l l y  stable, 
t h i s  i s  done,  t h e  s o l u t i o n  t o  eq .  ( 2 , 1 )  becomes 
The c h a r a c t e r i s t i c  d e t e r m i n a n t  i s  o b t a i n e d  a s  b e f o r e  by employing t h e  s o l u t i o n c  
o f  (2 ,6 )  i n s t e a d  o f  ( 2 , 2 ) .  
Another s p e c i a l  case  i s  obtained i n  t h e  l i m i t  Ru ' - m. when tlit rigen-  
s o l u t i o n s  of t h e  upper l a y e r  vanish  i d e n t i c a l l y .  It would then  appear  reason- 
a b l e  t o  r ep l ace  t h e  matching condi t ions  (2 .5)  by t h e  boundary condi t ions  
With t h e  boundary condi t ions  of (2 .7 )  t he  c h a r a c t e r i s t i c  va lue  problem redaces 
t o  t he  s o l u t i o n  of a  6x6 de terminant ,  
The Three-Layer Models 
W e  now t u r n  ou r  a t t e n t i o n  t o  t h e  s t a b i l i t y  of th ree- layer  unbounded models  i n  
which an i n f i n i t e l y  deep, n e u t r a l l y  o r  s t a b l y  s t r a t i f i e d  l a y e r  of f l u i d  a l s o  
bounds the s t a t i c a l l y  uns t ab le  l a y e r  from below, The Power boundaarqs conditions 
a r e  t hen  rep laced  by matching condi t ions  a t  t h e  lower i n t e r f a c e  arad  he s o l u t i u a s  
of t h e  governing equat ion  a r e  r equ i r ed  t o  s a t i s f y  a  boundedness cenditi" o:? a t  
minus i n f i n i t y  , 
Consis ten t  w i t h  t h e  above model we have t h r e e  bounded solueioa.s i n  the  
top and bottom l a y e r s  and s i x  matching condi t ions  t o  s a t i s f y  a t  each interface, 
As be fo re ,  we wish t o  determine t h e  curves of n e u t r a l  s t a b i l i t y  in tl-ae wave- 
n d e r R a y B e i g h  n m b e r  p lane .  These curves w i l l  b e  parameter ized by the negat 
Rayleigh numbers E$ and R of t h e  top and bottom l a y e r s .  I3 
3.  RESULT'S OF THE COWUTATIONS 
Curves of n e u t r a l  s t a b i l i t y  were obta ined  by searching  f o r  zeroes i n  t h e  
c h a r a c t e r i s t i c s  determinants  f o r  t h e  two and t h r e e  l a y e r  models, The deirem!in 
were eva lua t ed  numerical ly  w i th  the  a i d  of a "'Math-Pack" sub rou t ine  suppliei"; 
t h e  Univac 1108. 
The Two-Layer 14odels 
The r e s u l t s  f o r  t h e  computat ions  on t h e  two-layer  model a r e  p i e s c n t e u  
i n  F i g u r e s  1 through  5 and T a b l e  1, F i g u r e  1 c o n t a i n s  t h e  r e s u l t s  for 'he 
s t a b i l i t y  o f  t h e  two-layer model bounded above by a  n e u t r a l l y  s t a b l e  Layer, 
The curve  o f  n e u t r a l  s t a b i l i t y  for t h e  r i g i d l y  bounded c a s e  i s  c o n s i d c r 3 b i y  
less s t a b l e  t h a n  t h e  c l a s s i c a l  r i g i d - f r e e  model. D e s t a b i l i z a t i o n  i s  mos t  
pronounced a t  s m a l l  w a v e n m b e r s .  I n  f a c t  t h e  minimum Rayleigh number of 32 
i s  approached a s y m p t o t i c a l l y  a s  t h e  wavenumber approaches  z e r o ,  Tile ne~tral 
curve  f o r  t h e  f r e e l y  bounded c a s e  i s  s t i l l  Less s t a b l e  w i t h  a p p a r e n t l y  no 
c r i t i c a l  RayLeigh number b e i n g  ach ieved .  Both curves  show g r e a t e s  i: in.; t a b i l i  ty 
a t  t h e  s m a l l e s t  wavenumber , 
F i g u r e s  2 and 3 show t h e  s t a b i l i z i n g  e f  f e e t  o f  a n  i n f i n i t e l y  deep s t a t i  call 
s t a b l e  l a y e r  above t h e  u n s t a b l e  l a y e r ,  S l i g h t  s t a t i c  s t a b i l i t y  h a s  the same 
e f f e c t s  on b o t h  f r e e l y  and r i g i d l y  bounded models ,  With s t r a t i f i c a t i i l n  there 
e x i s t  c r i t i c a l  wavenmbers  and RayLeigh numbers which a r e  shown i n  Table  L 
and F i g u r e s  4 and 5 t o  i n c r e a s e  monoton ica l ly  w i t h  i n c r e a s i n g  s t a t i c  stability 
o f  the upper  l a y e r ,  These c r i t i c a l  v a l u e s  a r e  c o n s i s t e n t l y  lower  : s i t i ,  tE E: 
free lower s u r f a c e .  
With a r i g i d  lower  boundary and s t a t i c a l l y  s t a b l e  f l u i d  above t h e  unstable 
Layer o u r  &-o-layer model i s  somewhat s i m i l a ~  t o  t h e  models employel tc i ~ v e s t i g  
p e n e t r a t i v e  t h e m a l  c o n v e c t i o n ,  P rov ided  t h e  upper  l a y e r  i s  s u f  f i c j  en"ijv s t a b l e  
t h e  p r e s e n c e  of an  upper  boundary w i l l  n o t  a p p r e c i a b l y  e f f e c t  t h e  s t a b i l l t y ,  
For t h i s  s i t u a t i o n  we have demons t ra ted  agreement between o u r  r e s u l t s  anci t hose  
The Three-Layer M c ~ c I  -- - s 
F i g u r e s  6 th rough  1 2  and T a b l e  2 c o n t a i n  :he r e s u l t s  of t h e  c o - ~ ~ p i ~ t a i - : a r ~  
f o r  t h e  t h r e e  l a y e r  model,  The g e n e r a l  behav io-  o f  t h e s e  models is  t h e  sa--~e. 
as  t h e  two Layer models ,  When t h e  t o p  and bot tom l a y e r s  a r e  n e u t r a l l y  stablc., 
t h e r e  e x i s t s  no c r i t i c a l  wavenunber or Xaylcj ~ ; h  number and t h e  curve  or' r e u t r z ;  
s t a b i l i t y  l i e s  below t h a t  o f  t h e  bounded models d i s c u s s e d  above.  
The r e s u l t s  o f  F i g u r e s  7 through* l 2  doccm:?nt t h e  s t a b i l i z i n g  c.ffectc  aE 
t h e  s t a t i c  s t a b i l i t y  o f  upper  and lower  l a y e r s ,  Tab le  2 and F i g u r e s  15 2nd 12 
show t h e  montonic  i n c r e a s e  i n  c r i t i c a l  v a l u e s  s f  Ray le igh  numbers 2nd ~.avezlu169crs 
w i t h  i n c r e a s i n g l y  s t a b l e  s t r a t i f i c a t i o n  9f t h e  t o p  and bottom l a y e r s ,  
CONCLUDING E & I K S  
P a r t  o f  t h e  m o t i v a t i o n  f o r  t h i s  work c2ne from t h e  d e s i r e  t o  ~nc1ers:and 
t h e  p r o p e r  L i m i t i n g  s i t u a t i o n  f o r  thermal L r t s t a b i l i t y  i n  t h e  p r e s e n c e  o f  a 
s h e a r  flow a s  t h e  Reynolds number o f  t h e  f low aoproaches  z e r o ,  Fbr ther  ,?otiv 
f o r  pursuing t h e s e  models i n  detail was derived from t h e  r e a l i z a t i o : ~  cl:at the  
boundedness c o n d i t i o n s  u s u a l l y  a 2 p l i e d  i n  s t a b i l i t y  i n v e s t i g a t i o n s  s f  boundary 
l a y e r  p r e f i l e s  of p a r a l l e l  s h e a r  flow might p r o v i d e  a  more r e a l i s t i c  r o d e 1  f o r  
a p p l i c a t i o n s  t o  g e o p h y s i c a l  fluid dynamics,  The u s e  of  s t a t i c a l l y  s t a b 1  e 1 ~ y e r s  
La p l a c e  o f  b o u n d a r i e s  make t h e s e  models ever: more r e a l i s t i c  f o r  mcrdeilng l o c a l  
t h e r m a l  i n s t a b i l i t y ,  The r e s u l t s  o f  t h e s e  c o n p u t a t i o n s  would suggesxi3T.a"ctEie 
s t a t i c  s t a b i l i t y  o f  l a y e r s  ad jacext  to on u n s t a b l e  Payer  cou ld  f rmdmei r ta l ly  
a l t e r  t h e  s t a b 2  l i t y  o f  t h e  u n s t a j l e  l a y e r ,  Fr---ther colnputations 1 l a . v~  s- ggeste  
that t h e  dep ths  of t h e s e  a d j a c e n t  l a y e r s  w i l l  a l s o  b e  i m p o r t a n t  p a r a ~ l r t e r s ,  
B 
S e v e r a l  a u t h o r s  have p reas io~ ls ly  n o r e i  t11e d e s t a b i l i z i n g  e f f e c t  o f  
a l t e r i n g  boundary c o ~ d i t i  ons on t h e  o n s e t  o f  thermal i n s t a b i l i t y  oi ths 
7 
c l a s s i c a l  problem, S a s a k i  , i n  p a r t i c u l a r ,  h a s  exm%ned the  effec- ,  of 
p a r t i a l  o r  complete i n s u b a t i o n  o f  a boundary w i t h  q u a l i t a t i v e l y  s i n i l ; l r  
dynamical  e f f e c t s ,  
The s t a b i l i z i n g  ef f e e t  o f  boundar ies  on t h e m a l  Ens t a b i l i t y  i s  the 
most b a s i c  r e s u l t  t o  come from t h e  i m e s t i g a t i o n  o f  t h e s e  s i m p l e  n a d e l s ,  
The lack of  c u r v a t u r e  i n  t h e  n e u t r a l  curve f o r  t h e  u n s t a b l e  l a y e r  boundec 
above and below by i n f i n i t e l y  deep l a y e r s  of u n s t r a t i f i e d  f l u i d  suggzs  ts 
t h a t  t h e  s t a b i l i z a t i o n  of  cmaPL s ~ a v e n u ~ b e i -  d i s t u r b a n c e s  i s  due t o  "she !!nfE.i~en-ie~ 
of b o u n d a r i e s .  T 'uxthemore,  t h e  e x i s t e : ~ c c  cf a c r i t i c a l  wavenumber ;t wi-lch 
the Raykeigh number a c h i e v e s  a  ninirn~a? on r l ~ c  n e i ? t r a l  curve  i s  due i-c; 
s imul taneous  s t a b i l i z i n g  e f f e c t s  of b o u n d a r i e s ,  most pronounced f a r  small 
waverrusnL-ers , and v i s c o s i t y  most pnononnced for l a r g e  w a v e n m b e r s ,  That 
b o u n d a r i e s  a r e  r e s ~ o n s i b k e  f o r  s t a b i l i z i n g  s x a l l  wavenumber dis tuxbances is 
a l s o  c o n s i s t e n t  w i t h  the r e s u l t s  of  s t a b i l i t y  i n v e s t i g a t i o r l s  of ~ u ~ b o r ~ n d e d  
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,z-.aikel s l~ear r'1o.c:. The work of Escfi , T a t s u w i  and Kakutan i  , Tz".s.i.i and 
l P  
~ n t a h " ,  and Clenshaw and E l l i o t  demons t ra te  i n s t a b i l i t y  a t  Law Reyro1ds 
nunbers  and s m a l l  wax,enmbers 50: ur,5c~.~adccl. flows, 
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THE VALUES OF THE CKITI  CAL WAVENUMBERS , a AND CRITICAL RAYLEICB XU>lliCRS 
RC ALONG THE CURVES OF NEUTRAL S T A B I ~ I T Y  FOR THE THREE-LAYER MODELS 
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